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Abstract 
Hamada, N., T. Helleseth and 8. Ytrehus, Characterization of {2(q + 1) + 2, 2; t, q]-minihypers in 
PG(t, q) (t>3, q6{3,4}), Discrete Mathematics 115 (1993) 175-185. 
A set F offpoints in a finite projective geometry PG(t, q) is an (L m; t, q}-minihyper if m (>O) is the 
largest integer such that all hyperplanes in PG(t, q) contain at least m points in F. Hamada and Deza 
(1988) characterized all {2(q + 1) +2,2; t, q}-minihypers for t > 3, q> 5. Hamada (1987, 1989) also 
determined the cases of t = 2, q > 3. In this paper we characterize {2(q + 1) + 2,2; t, q}-minihypers for 
t 2 3, q E{ 3,4}. In addition to the previously known constructions, we describe a new { 10, 2; 3, 
3}-minihyper. 
1. Introduction 
Let V(n; q) be an n-dimensional vector space over GF(q). If VZ is a k-dimensional 
subspace in V(n; q) such that every nonzero vector in Q? has a Hamming weight (i.e., 
the number of nonzero coordinates) of at least d, then W is denoted an [n, k, d; q]-code. 
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where [xl denotes the smallest integer ax. 
A coding theory problem that has been the subject of considerable research is the 
following. 
Main Problem. Characterize all [n, k, d; q]-codes meeting bound (1.1) with equality. 
It is easy to show that if an [n, k, d < qkml; q]-code meets bound (1.1) with equality, 
then a generator matrix of the code must have n pairwise linearly independent 
columns. Thus, in this case’, it is often convenient to think of a generator matrix as 
a set of points in the finite projective geometry PG(k- 1, q). 
A set F of f points in a finite projective geometry PG(t, q) is an {J; m; t, q}- 
minihyper (also known as a min. hyper) if m (2 0) is the largest integer such that all 
hyperplanes in PG(t, q) contain at least m points in F. 
Let u,=(q’- l)/(q - 1) be the number of points in a finite projective geometry 
PG(t - 1, q). The matrix whose column set is F generates an anticode of length f and 
maximum distance 6 =f-m. Hence, the complement of an {f, m; k- 1, q}-minihyper 
is the column set of a generator matrix of a [ok_ 1 -f k, qkpl -f+ m; q]-code, if its 
points span PG(k - 1, q). 
Let 9(p1, . . . , p,,; t, q) be the family of sets of points in PG(t, q) that can be obtained 
by taking a union of h disjoint flats of dimensions ,~i, . . . , p,,, respectively, in PG(t, q). 
(For example, in this notation F(O, 1; t, q) is the family of sets consisting of one line, 
and one point not on the line, in PG(t, q).) Also, let @(0, E; t, q) be the family of sets 
V\S of points that can be obtained by removing a (q+ 0-&)-arc S from a &flat V 
in PG(t, q). 
It is convenient to apply the theory of minihypers to try to solve the Main Problem. 
In a series of papers, this approach has been followed; an overview of this work can be 
found in [4]. Here, we shall focus on the characterization of {2(q + 1)+2,2; t, q}- 
minihypers. 
Hamada and Deza [S] characterized all {2(q + l)+ 2,2; t, q}-minihypers for 
t 2 3, q 3 5. Their main result was that F is a (2(q + 1) + 2,2; t > 3, q > 5}-minihyper if 
and only if FE~(O, 0, 1, 1; t, q). 
Hamada [2,3] also determined the cases of t = 2, q 2 3. In particular, he found that 
F is a { 10,2; 2,3)-minihyper if and only if F&Y(2,2; 2, 3). He also gave three classes of 
(12,2; 2,4}-minihypers. 
In this paper we characterize {2(q + 1) + 2,2; t, q}-minihypers for t 2 3, qE {3,4}. In 
addition to the previously known constructions, we describe a new {10,2; 3, 3}- 
minihyper. 
2. Main results 
In this context, we shall use the term irreducible about a (2q + 4,2; t, q}-minihyper 
that cannot be described as a union of disjoint minihypers. Thus, the reducible 
1 Generalizations to the case d > qk- 1 can obviously be made. 
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Fig. 1. An irreducible { 10,2; t, 3}-minihyper. 
(2q + 4,2; t, q}-minihypers include: 
l Those in F(O, 0, 1, 1; t, q), i.e., those that consist of two lines and two points. 
l Those that consist of one line and a {q + 3, 1; t, 3}-minihyper of the type described 
in Fig. 2. 
l For q= 3: Those that consist of a {9,2; t, 3}-minihyper in %(2, 1; t, 3) [4, 
Theorem 4.71 together with a single point. 
We now present our two main theorems. 
Theorem 2.1. There are no irreducible { 12,2; t, 4)-minihypers for t > 3. 
Theorem 2.2. There is exactly one class of irreducible { 10,2; t, 3)-minihypers for t 2 3. 
Such a minihyper can be described as a set of 10 points, {(v,,), (v,), (vz), (v& (vO + clvl), 
(vo+Czv& (vo++v& (C,vz+2C1v1), (Cjv3+2C1v1), (‘%“3+2czvz)}, where (vg), (VI), 
(vz), (v3) are any linearly independent points in PG(t, q) and cl, c2, c3~(1,2}. Fig. 1 
describes this class of minihypers. 
Before we proceed to prove these theorems, we need some basic lemmas. 
3. Preliminaries 
Lemma 3.1 [4, Theorems 3.1, 4.1, 5.4, 5.9 and 5.151. For q 2 3, 
(1) Forq+l~f~q+2,an{f;l;t,q}- minihyper consists of a line and f - q - 1 points. 
(2) A (6, 1; t, 3)- minihyper is either a line and two points, or a set of points of the form 
{(VI), (vg + VI), (2~0 + VI), (vz), (vl + v2), (cvO + 2vI + v2)} for c~(l,2} and noncollinear 
points (vO), (v,), (v2)EPG(t, 3). (This construction, denoted ‘type B’, is described in 
Fig. 2). 
(3) An {8,2; t, 3}- minihyper consists of two lines. A {9, 2; t, 3}-minihyper is in 
P-(0, 1, 1; t, 3)u%(2, 1; t, 3). 
(4) A (7, 1; t, 4}- minihyper is either a line and two points, or a set of points of 
the form {(v~+v& (~+v,), (u2v0+vI), (v2), (cv0+vI+v2), (ca2v0+ctv,+v2), 
(ccrv, + u2v1 + vz,} f or ~~11, CC, CC’} and noncollinear points (v,), (vl), (v2)EPG(t, 4), 
where M: = a2 + 1 is a primitive element of GF(22). (This construction, denoted ‘type B’, is 
described in Fig. 2). 
(5) For IO< f< 11, an {f; 2; t, 4}-minihyper consists of two lines and f- 10 points. 
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q=4 
Fig. 2. Type B minihypers: {q+3, 1; 2, q}- minihypers not containing full lines. All points and all lines in 
PG(2, q) containing more than one point of the minihyper are shown. The black points are the ones 
included in the minihyper. 
Lemma 3.2 (Similar to Lemma 3.1 in [S]). Let F be a {2(q + 1) + 2,2; t, q}-minihyper, 
where t 23 and qE{3,4}. Then the following statements are true: 
(1) For an arbitrary hyperplane H c PG(t, q), let F* = F nH and f * = 1 F* I. Zf 
m(q+1)+6(q,m)<f*<(m+l)(q+l), wheremE{O, 1,2} and 
d(q, 4 = 
1 ifq=3,m=l, 
0 otherwise, 
then F * is a {f *, m; t, q)-minihyper. 
(2) There is no hyperplane H c PG(t, q) such that mq + 4 < 1 F n H 1 <(m + l)(q + 1) 
for any integer mE(O, l}. 
(3) There is a hyperplane H c PG(t, q) such that 1 F n H 12 q + 3. Zf t 2 4, then there is 
a hyperplane H c PG(t, q) such that IF n H I> q + 4. 
Proof. For q B 5 this is shown in [S]. The proof for qE(3,4} is similar: 
(1) The ‘<’ part of the condition is due to the fact (e.g. Theorem 2.2 in [4]) that 
f’ > (m + l)(q + 1) in a { f’, m + 1; t, q}-minihyper. 
If m = 0, there is nothing to prove, so assume me (1,2}. Suppose there is a (t -2)-flat 
GcHsuchthatIF*nG(<m-l.LetHr,..., H, be q other hyperplanes containing G. 
Then, for each Hi, l<i<q, IFnHila2 and IFn(Hi\G))>2-(m-1). Thus, 
IFI=IFnHI+~~,, IFn(Hi\G)I>f*+q(3-m)>3q+m+6(m,q), a contradiction. 
(Note: We shall use this method sufficiently often to have a name for it: We call this the 
‘(t -2)-flat argument’.) Figure 3 describes this method for q = 4, m = 1. 
(2) For q = 3 there is nothing to prove. So assume that q =4 and that for some 
hyperplane H, 1 F n H I=9. From (l), F n H is a (9, 1; t, 4}-minihyper, hence there 
is a (t-2)-flat G c H such that IF n G ( = 1. The (t--)-flat argument leads to a 
contradiction, as shown in Fig. 4. 
(3) By definition, there is a hyperplane Ho c PG(t, q) such that IF n H,-, I = 2. Select 
a (t -2)-flat GO c H,, such that F n Ho c Go. By the (t -2)-flat argument, it is easy to 
see that at least one of the (other q) hyperplanes containing GO contains at least 
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Fig. 3. The (t-2)-flat argument for Lemma 3.2(l). Fig. 4. The (t -2)-flat argument for Lemma 3.2(2). 
L(2q +4-2)/q]+ 22 5 points of F because the average number of elements of F in 
Hi\Go, i=l, t.. , q is L(2q + 4-2)/q] . Let H be such a hyperplane. Suppose 
JFnH(~q+2.Thenby(1),withm=1,andLemma3.1,FnHcontainsaline,soitis 
possible to find a (t -2)-flat G c H containing the line, i.e. q + 1 points. Once again we 
employ the (t-2)-flat argument, to obtain that at least one hyperplane containing 
G contains at least q + 3 points of F because, here, there remain 2q + 4 - q - 2 = q + 2 
elements of F to be distributed among the q sets Hi\ G, i = 1, . . . , q. In the special case 
of t B 4, suppose (F n H’ I= q + 3 for some hyperplane H’. Then it follows from (1) and 
Lemma 3.1 that some (t -2)-flat G’( c H’) contains at least q + 2 points of F. Applying 
the now familiar (t -2)-flat argument, we find that some hyperplane contains at least 
q +4 points of F. D 
Lemma 3.3 (Lemma 3.2 in [S]). Let F* be any {q+4, 1; t, q)-minihyper such that 
F* c H c PG(t, q), where t>,3 and 423. Let R be any point such that REH\F*. Then 
there exists a (t-22)~JEat GcH such that REG and jF*nGI=l. 
Definition 3.1. Let V and W be a p-flat and a v-flat in PG(t, q), respectively, where 
0 <p, v < t - 1. Let V 0 W denote the minimum flat in PG(t, q) which contains both 
V and W, 
Lemma 3.4 (Similar to Lemma 3.3 in [S]). Let F be any {2(q+ 1)+2,2; t, q}- 
minihyper such that there exists a hyperplane H c PG(t, q) satisfying (F * ) = q + 4, where 
tZ3andqB3,andF*=FnH,LetQ,,Q,beanytwopointsinF\F*,andletREHbe 
the point such that (Q1 0 Q2)nH= {R}. Then: 
(1) REF*, and 
(2) F * \ { R} is a {q + 3, 1; t, q}-minihyper in H. 
Proof. Again, the proof is similar to the proof of Lemma 3.3 in [S]. By Lemma 3.2, 
F * is a {q + 4, 1; t, q}-minihyper. 
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(1) Assume that R$F *. Then from Lemma 3.3, there exists a (t - 2)-flat G c H such 
that REG and 1 F *nGI= 1. Noticing that one of the hyperplanes containing G 
contains the line Q1 0 Q2, we obtain a contradiction by the (t--)-flat argument. 
(2) Assume that some (t -2)-flat G* c H is such that F * n G* = {R} (i.e., F * \ (R} is 
a {q + 3,0; t, q}-minihyper in H). Again, one of the hyperplanes containing G contains 
the line Q1 0 Q2, and the (t-2)-flat argument leads to a contradiction. 0 
4. The proof of Theorem 2.1 
We shall assume that F c PG(t, 4) is a {12,2; t, 4}-minihyper. 
Lemma 4.1. If there is a hyperplane H such that 1 F n H I= 8, then F is reducible. 
Proof. In this case, we set F\ H = {Q1, Qz, Q3, Q4}. Lemma 3.4 implies that 
FnH=F*u{R}, where F* is a (7,l; t,4}-minihyper, REQ~ @Qz. 
Case I: F * of type B. 
Assume that Qi$Ql @ Q2, iE(3,4}. Then denote by Ri the intersection point be- 
tween H and the line Q1 @ Qi. By Lemma 3.4, RiEF *, and F**=F *\{Ri} u(R) is 
another (7, 1; t, 4}-minihyper. Since F ** contains no lines with more than four points, 
it must be of type B - see Fig. 2. There are exactly three lines through each point of 
a type B minihyper that contains two other points of the minihyper. However, a close 
inspection of Fig. 2 reveals that there is only one line through R that contains more 
than one other point in F **, a contradiction. 
Hence, F consists of the type B minihyper F *, and the line {R, QI, Q2, Q3, Q4}. 
Case II: F * is a line L and two points R,, R3. 
If Qi @ Qj, 1 < i < j < 4, intersects H in a point R,E L, 1~ {2,3}, then F n H\ {R,} is 
a (7, 1; t, 4}-minihyper containing four points on a line, which is impossible. 
So all lines Qi @ Qj, 1 < i < jd4, intersect H in a point in {R, RI, R3}. Let 
M = Qr @ Qz. If 1 FnM I= 3, then without loss of generality (w.1.o.g.) F has the 
structure shown in Fig. 5. 
The only way to complete all the lines Qi @ Qj is to make {R, R2, R,, Q1, Q2, 
Q3, Q4} a type B minihyper. 
IfIFnMI=4,say,M={R,Q,,Q,,QJ},thenthethreelinesQiOQ4,16i~3,must 
meet H in distinct points in {R2, R3), which is impossible. 
Finally, if JFnMI =5, then FE~(O, 0, 1, 1; t, 4). This concludes the proof of 
Lemma 4.1. 0 
Lemma 4.2. If t = 3 and there is no hyperplane H’ such that ) F n H’J = 8, but there is at 
least one hyperplane H such that 1 F n H I = 7, then F is reducible. 
Proof. J’\ff= {QI, Q2, Q3, Q4, Qs). L emma 3.2 implies that F * = F n H is a 
(7, 1; t, 4}-minihyper. 
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L 
R 
R2 3 R3 0 Q4 
Ql 
Q2 Q3 
Fig. 5. q=4, JFnHj=8, and FnH contains a line L. 
Fig. 6. q = 4, F * of type B: The (t -2)-flat argument. 
Case I: F* oftype B. 
Let M = Q1 @ Qz and M n H = (R}, where by Lemma 3.4 REP *. From Fig. 2, one 
can always find a line G c H through R such that IF * n G\ = 1. Thus, the five 
hyperplanes, H, M @ G, HI, Hz, H3 containing G can be drawn as shown in Fig. 6. 
If 1 (M \ H) n F 12 3, then Cf= 1 ) Hi\ G\ d 2. Hence there is at least one hyperplane 
containing only one point of F, a contradiction. 
So none of the lines Qi @ Qj contain more than two points in (Q1, . . . , Q5). By 
a similar argument a contradiction is obtained if we assume that (Q; 0 Qj) n H = 
(Qi9 @ Qj,) n H = {R} for (i, j) #(i’, j’), and we have that the ten lines Qi @ Qj intersect 
H in ten different points. At least three of these ten points are not in F *, so it is 
possible to find two points RlE(Qi @ Qj)nH and RzE(Qi, @ Qj,)nH such that 
I(R, @R,)nF*I<3. From Fig. 2, we observe that I(R, @RJnF*j=l. There are 
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Fig. 7. 4 =4, F * of type B: Another (t -2)-flat argument: I {i, j} n {i’, j’} 1 =O. 
twocases,((i,j}n(i’,j’)(=Oand)(i,j)n{i’,j’}(=l.Thefirstofthesecasesisshown 
in Fig. 7, the second case is similar. 
In both cases, we obtain a contradiction by the (t-2)-flat argument. 
Case II: F * is a line V and two points PI and P2. 
Let L=P1 @ P2 and Vn L = {R). In addition to H, there are four hyperplanes that 
contain L. These four hyperplanes contain the five points Q1, . . . , Qs, so by the 
(t-2)-flat argument, there is a hyperplane M that contain at least two points Qi, Qz. 
Then 5<1FnMl67. 
If I F n M ( < 6, then from Lemma 3.2, F n M is a minihyper containing a full line, 
a contradiction. 
Assume that ) F n M I= 7. If F n M is a type B minihyper, then this is equivalent o 
Case I. Otherwise, F n M contains a full line N. If N intersects H in R, then N 0 V is 
a hyperplane containing nine points of F. Hence, N intersects H in PI or Pz, and 
FE~(O, 0, 1, 1; t, q). 
This concludes the proof of Lemma 4.2. 0 
Proof of Theorem 2.1. Let H”“” be a hyperplane in PG(t, 4) such that for any 
hyperplane H in PG(t, 4), I F n H max > F n H 1. Theorem 2.1 follows from considering I, I 
the possible values of 1 F n H max I: 
lFnH”‘““1=7: Lemmas 3.2 and 4.2. 
)FnH”““~=S: Lemma 4.1. 
(FnH”““l=9: Lemma 3.2(2). 
IFnHmax(E{lO, 11): Lemma 3.1(5). 
IFnH”““(=12: Induction on t. q 
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5. The proof of Theorem 2.2 
The proof is similar to the previous one. We shall assume that F c PG(t, 3) is 
a (10, 2; t, 3}-minihyper. 
Lemma 5.1. If there is a hyperplane H such that /F n H I= 7, then F is reducible. 
Proof. We set F\H={Q,, Qz, Q3}. L emma 3.4 implies that FnH=F*u{R}, 
where F * is a (6, 1; t, 3}-minihyper, REQ~ @ Qz. By Lemma 3.1, F * is contained in 
a 2-flat T c H. 
First, observe that if Q3EQ1 0 Q2, then F consists of a line and a known {6, 1; t, 3}- 
minihyper. Otherwise, assume that Q3#Q1 @ Qz. Then the three points Qi, Qz, Q3 
span a 2-flat, which meets T in a line. Thus the three points R,( = R), RZ, R3 are 
collinear, where Hn(Q2 0 Q3)={R2} and Hn(Q1 0 Q3)=(R3}. 
Case I: F * is a line L and two points. 
If R,EL, then three of the lines (in T) through R2 contain all the points of F *. 
Hence the fourth line in T through R1, denoted L,,, satisfies (LO n F ( = 1. Then it is also 
possible to find a (t-2)-flat G c H that contains only the single point R2 in F *. Let 
H, G @ (R2 0 Q3), HI, H2 be the four hyperplanes containing G. By the (t--)-flat 
argument, one of the hyperplanes HI or Hz contains only one point, RZ, in F, 
a contradiction. 
If R2, R,$L, then F consists of L and the set of points {R,, RZ, R,, Q1, Q2, Q3}, 
which from Fig. 8 is a type B minihyper. 
Case II: F * of type B. 
Since RZ, R3 E F *, RI is on one of the three lines in T containing R2 and at least one 
other point in F *. Thus, it can be seen from Fig. 2 that there is a line LOST through 
R2 such that 1 LO n F) = 1. Hence there is a (t-2)-flat G c H that contains only the 
single point R2 in F *, and by the (t-2)-flat argument, it can be shown that one 
hyperplane contains only one point, R2, in F. This is a contradiction. 
This concludes the proof of Lemma 5.1. 0 
Lemma 5.2. If t = 3 and there is no hyperplane H’ such that 1 F n H’I = 7, but there is at 
least one hyperplane H such that IF n H I =6, then either F is reducible, or it is 
a minihyper of the type described in Fig. 1. 
Proof. F\H= (Q1, Q2, Q3, Q4}. L emma 3.2 implies that F * = F n H is a (6, 1; t, 3}- 
minihyper. 
Case I: F * is a line V and two points, PI, P2. 
Let L=P1 @ P2 and {R} = Vn L. Since the four points Q1, Q2, Q3, Q4 are distrib- 
uted among three hyperplanes that contain L, it follows by the (t-2)-flat argument 
that one such hyperplane, denoted M, contains at least two of these four points, say, 
Q,andQ,.Thus,5~IFnMId6.ButIFnMI#5,forotherwiseFnMisa{5,1;t,3}- 
minihyper, which by Lemma 3.1 is a line and a point. This is a contradiction. 
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Fig. 8. q=3, JFnHJ=7. Fig. 9. q=3, jF*I=6, F* of type B. 
If IFn M I = 6, then F n M is a (6, 1; t, 3}-minihyper; there are two possibilities. If 
F n M is a line and two points, then the line does not contain R (by the assumption 
that no hyperplanes contain more than six points), so F consists of two lines and two 
points. If on the other hand F n M is a type B minihyper, then we have Case II, which 
we will investigate next. 
Case II: F * of type B. 
Let {Rij) = (Qi, 0 Qj) n H, 1 < i < j < 4, and let (iI, . . . , i4) be some permutation of 
(1, . ..) 4). 
Assume that Qi,EQi 0 Qi,. Then a line G c H through Rili3 can be found such that 
I Gn F *I = 1, and by the (t-2)-flat argument, at least one hyperplane containing 
G contains at most one point in F, a contradiction. Thus, 
Qk$Qi@Qj, l<i<j<k<4. (5.1) 
The hyperplanes thus spanned by three points Qi, Qj, and Qk must meet H in 
a line, i.e., 
RijERik@Rjk, l<i-cj<k,<A 
A similar (t -2)-flat argument shows 
(5.2) 
Rij#Ri,j,, {i, j} #(i’, j’}. (5.3) 
Let I=Qi, @ Qi, @ Qi, be the hyperplane spanned by Qi,, QiZ) and Qi3) and let 
Lo =HnZ. If Qi,EI, then by (5.3)& contains six different points Rij, 1 <i < j<4. This 
is a contradiction, so Qi,$Z. If 1 F n Lo I< 1, then by the (t -2)-flat argument, at least 
one hyperplane containing Lo contains at most one point in F, a contradiction, Hence, 
56lFnZ/<6. 
If IF n I I = 5, then F n I is a { 5, 1; t, 3}-minihyper, which by Lemma 3.2 is a line and 
a point. But by (5.1) this is a contradiction. 
If IF n Z I = 6, then by (5.1) and Lemma 3.2, F n Z is a (6, 1; t, 3}-minihyper without 
a full line, i.e., of type B. 
Since there are four lines L 1, . . . , L4~H each containing three points of F *, each of 
these lines can be associated with exactly one subset {Qi,, Qi2, Qi,}. For instance, the 
line containing the points RI, R2, and R3 (see Fig. 10) can w.1.o.g. be assumed to form 
a type B minihyper with points Ql, Qz, Q3. 
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Fig. 10. Association of three-point lines in F* to subsets {Qi,, Qi,, Qi,}. 
The only way to complete the construction so as to satisfy (5.2) and (5.3) is shown 
in Fig. 1. 
Next, we show that this construction really is a { 10,2; 3,3}-minihyper. Assume the 
converse is true, i.e. that there is a hyperplane Ho such that 1 Fn Ho] = 1. Let G be 
the line defined by HnHo, obviously IF * n GI = 1. It follows then that the four 
points Q1, . . . , Q4 must be contained in the two other hyperplanes, Hi and Hz, that 
contains G. Then it is possible to find at least two points Rij, Ri,j, both in IF * nGJ, 
a contradiction. 
This concludes the proof of Lemma 5.2. 0 
Proof of Theorem 2.2. Let H""" be a hyperplane in PG(t, 3) such that for any 
hyperplane H in PG(t,3), IFnH"""I>IFnHI. 
Theorem 2.2 follows from considering the possible values of IF n H""" I : 
lFnH"""(=6: Lemmas 3.2 and 5.2. 
(FnH"""I=7: Lemma 5.1. 
~FnH"""~s{8,9}: Lemma 3.1(3). 
1 F n H"""I = 10: Induction on t. 0 
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